The Vakulenko-Kapitanskii type inequality between the energy of the Faddeev-Skyrme O(3) non-linear sigma model and the Hopf index is discussed. It is shown that the configurations obtained by Aratyn, Ferreira and Zimerman yield an inequality better than that conjectured by Ward.
§1. Introduction
The Faddeev-Skyrme O(3) non-linear sigma model 1) is defined by the Lagrangian density
where the real scalar fields n= (n 1 , n 2 , n 3 ) satisfy n 2 = n a n a = 1 (1 . 2) and H µν is defined by
3)
The constants c 2 and c 4 in (1 . 1) are demensionful: c 4 /c 2 and √ c 2 c 4 are of dimensions of length and energy, respectively. The static energy functional associated with L is given by
4)
E 2 = ε 2 dV, E 4 = ε 4 dV, dV = dx 1 dx 2 dx 3 , (1 . 5)
with n being functions of x = (x, y, z). Since we are interested in configurations with finite E[n], we assume that n satisfies the boundary condition n = (0, 0, 1) at |x| = ∞.
(1 . 7)
Then n can be regarded as a mapping from S 3 to S 2 . It is well known that such mappings are classified by the topological invariant Q H called the Hopf index. Noting that the condition (1 . 2) ensures the existence of a vector potential A = (A 1 , A 2 , A 3 ) such that
We can freely impose the gauge condition divA = 0 (1 . 11)
because Q H is invariant under local gauge transformations preserving the asymptopic behaviour of A. From the condition (1 . 11) and the assumption that |A(x)| decreases not slower than |x| −2 as |x| tends to infinity, we easily obtain the non-local expression of A:
The relations (1 . 3),(1 . 9),(1 . 10) and (1 . 12) explicitly show that Q H is determined solely by n or B: 2)
(1 . 14)
It should be noted, however, that, to obtain a local expression of A, we need an extra function in addition to n(x). Given two functional E[n] and Q H of n, it is natural to inquire the relation between them. With the aid of the condition (1 . 11), Vakulenko and Kapitanskii 3) found an interesting inequality between E[n] and Q H :
where K takes the form
with C being a numerical factor independent of c 2 and c 4 . The inequality (1 . 15) can be used to estimate the lower bound of the energy of Hopfions, by which we mean static stable configurations with non-vanishing Hopf charge. We stress, however, that (1 . 15) can be regarded as a universal inequality like the Sobolev inequality
which is valid for any real function w(x). In fact, the Ladyzhenskaya inequality that Vakulenko and Kapitanskii used to derive (1 . 15) is of Sobolev type. To arrive at the best inequality of the type of (1 . 15), we must obtain the best (smallest) value of C. Although Vakulenko and Kapitanskii 3) did not give an explicit value of C, their discussion suggests the value
Through an analysis aided by the Sobolev inequality, Kundu and Rybakov 2) gave the value
On the other hand, through a numerical analysis of the solutions of the field equations implied by (1 . 1), Ward 4) conjectured that C might be given by
Although Ward's arguments are related to the solutions of the field equation, the arguments of Vakulenko-Kapitanskii 3) and Kundu-Rybakov 2) are concerned with a generic configuration of n which may not be a solution of the field equation. Our discussion below is based on the latter standpoint: we shall seek a better value of C which makes (1 . 15) valid for general n. In this paper, we shall improve the value of C with the help of the configurations given by Aratyn, Ferreira and Zimerman (AFZ). 5) The value of C that we obtain is
This paper is organized as follows. In §2, we briefly describe the AFZ configuration. In §3, the result (1 . 21) is derived. The final section, §4, is devoted to discussions. §2. Aratyn-Ferreira-Zimerman configuration AFZ 5) discussed the model described by the Lagrangian density
where the tensor H µν is defined in (1 . 3). The power 3/4 in (2 . 1) is introduced to evade Derrick's scaling argument. L is invariant under scale transformations, suggesting the possibility of the existence of stable soliton solutuons. Using the stereographic projection of S 2 , n can be written as
where u is a complex scalar field. To describe the Ansatz proposed by AFZ, we first introduce the toroidal coodinates (η, ξ, φ) defined by
where a is a positive constant of the dimension of length and q is defined by
We next define complex numbers Z 1 and Z 2 and a complex column vector Z by
We further define n and A by
6)
where σ a (a=1,2,3) are Pauli matrices. Assuming that Φ α (α = 1, .., 4) satisfy the condition
we see that n and A defined by (2 . 6) and (2 . 7) realize (1 . 2) and (1 . 8) with (1 . 3), respectively. The function u(x) in (2 . 2) is related to Z 1 and Z 2 by
The general solution of (2 . 8) is given by
where f, λ, µ are three independent real functions of x. We find that (n 1 , n 2 , n 3 ) are described in terms of f and λ − µ, while A is given by
The simplest choice ensuring the independency of f, λ, µ and the single-valuedness of Φ α (α = 1, .., 4) is the AFZ Ansatz
12) µ = −nφ, where m and n are integers. Although A in (2 . 11) does not satisfy the condition (1 . 11), we are allowed to make use of it to calculate Q H because of the gauge invariance of Q H . Since the asymptopic behaviour of A in (2 . 11) is given by
we can safely gauge-transform it into the one given by (1 . 12). To obtain (2 . 13), we have used the explicit solution f (η) given below, (3 . 3). Plugging them into (1 . 9), AFZ 5) obtained
Note that (2 . 14) is the direct result of the Ansatz (2 . 12) and the boundary condition
and is independent of the special functional form of f (η). §3. Estimation of C for the Aratyn-Ferreira-Zimerman configuration
In the last section, we described the AFZ Ansatz. 5) Since both the enregy E[n] of (1 . 4) and the Hopf index Q H are functionals of n, we here calculate the value of C in (1 . 16) for the AFZ configuration. We shall find that the value (1 . 20) conjectured by Ward is replaced by a better value, (1 . 21).
We now calculate E 2 and E 4 in (1 . 5) using AFZ's solutions. Under the AFZ Anzatz, ε 2 and ε 4 become
The solution of the equation of motion with the boundary condition (2 . 15) was obtained by AFZ as
Then, with defining p by
E 2 and E 4 can be calculated to be
5)
where r(p), s(p) and t(p) are defined by
: |m| < |n|,
(3 . 9)
In the calculation of E 2 , we have made use of the formula
In the following, we describe two methods to derive the Vakulenko-Kapitanskii type inequality. We shall find that both methods yield results better than that of Ward. 4) We shall also find that the second method yields the value of C better than that of the first method.
Method 1
We see that the minimum E[n] is realized by setting c 2 E 2 = c 4 E 4 . This equality is realized by choosing a as a = 1 2
The corresponding K in the Vakulenko-Kapitanskii type inequality can be written as
Then we obtain
14)
Our procedure in the above is summerized as
Finally we arrive at the result
which is equal to C in (1 . 21). We note that v(p) in (3 . 14) and 16π 2 h(p) in (3 . 22) satisfy the inequality
with the equality being realized only at p = 1. This fact explains the inequality C 2 < C 1 . Thus the constant C has been improved than that in Ward's conjecture. If we have more examples of n(x) with definite Q H and finite E[n], the value of C would be improved. §4. Discussion
If we impose the AFZ Ansatz to the field equation derived from the Lagrangian L in (1 . 1), we are led two ordinary differential equations for a single function f (η). Thus, in general, the AFZ Ansatz is not applicable to obtain the solution of the equation of motion of the Faddeev-Skyrme O(3) non-linear sigma model. We are allowed, however, to make use of the AFZ configurations to estimate the constant C appearing in the Vakulenko-Kapitanskii type inequality. A method to obtain the best value of C for which the inequality (1 . 15) is valid for any n is to enumerate the configurations with non-vanishing Q H and find the smallest C. We have found that the AFZ configurations give a value of C smaller than that conjectured by Ward 4) through the numerical analysis of the solutons of the Faddeev-Skyrme model.
